Introduction {#Sec1}
============

Motivation from Weak Universalities {#Sec2}
-----------------------------------

The study of singular stochastic PDEs has received much attention recently, and powerful theories are being developed to enhance the general understanding of this area. We refer to the excellent surveys \[[@CR8], [@CR11]\] and references therein for recent breakthroughs in the field.

One of the motivations to study singular SPDEs is that many of them are expected to be universal objects in crossover regimes of their respective universality classes, a phenomenon known as weak universality. One well-known example is the KPZ equation \[[@CR14]\], formally given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\xi $$\end{document}$ is the one-dimensional space-time white noise. The equation is only formal since it involves the square of a distribution. Nevertheless, the solution can be rigorously constructed in a few different ways, including the Cole--Hopf transform \[[@CR1]\], pathwise solutions via rough paths/regularity structures \[[@CR3], [@CR9], [@CR10]\] or paracontrolled distributions \[[@CR6]\], or the notion of energy solution through a martingale problem \[[@CR4], [@CR7]\].

The KPZ equation is expected to be the universal model for weakly asymmetric interface growth at large scales. In \[[@CR12]\], the authors considered continuous microscopic models of the type$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} h_{\varepsilon }(t,x) := \varepsilon ^{\frac{1}{2}} \tilde{h}(t/\varepsilon ^2, x/\varepsilon ) - C_{\varepsilon }t \end{aligned}$$\end{document}$$converges to the solution of the KPZ equation with$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lambda = \frac{1}{2} \mathbf {E}F''(\tilde{\varPsi }), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{\varPsi } = \partial _x P * \tilde{\xi }$$\end{document}$ and *P* is the heat kernel. Hairer and Xu \[[@CR13]\] extended the result to arbitrary even functions *F* with sufficient regularity and polynomial growth. Similar results have also been obtained in \[[@CR5]\] for models at stationarity.

To see why the convergence holds with $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \partial _t h_{\varepsilon } = \partial _x^2 h_{\varepsilon } + \varepsilon ^{-1} F\left( \sqrt{\varepsilon } \partial _x h_\varepsilon \right) + \xi _{\varepsilon } - C_{\varepsilon }, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi _{\varepsilon }(t,x) = \varepsilon ^{-\frac{3}{2}} \tilde{\xi }(t/\varepsilon ^2, x/\varepsilon )$$\end{document}$ approximates the space-time white noise $\documentclass[12pt]{minimal}
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                \begin{document}$$\sqrt{\varepsilon } \varPsi _\varepsilon $$\end{document}$ is stationary Gaussian with finite variance. In addition, by analogy with the standard KPZ equation, it is reasonable to expect that the remainder $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial _x u_\varepsilon $$\end{document}$. Furthermore, such convergences need to be established in the optimal regularity space, which requires one to *p*th obtain moment bounds of these stochastic objects for arbitrarily large *p*th.

At least formally, by chaos expanding $\documentclass[12pt]{minimal}
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                \begin{document}$$C_\varepsilon = \varepsilon ^{-1} \mathbf {E}F(\sqrt{\varepsilon } \varPsi _\varepsilon )$$\end{document}$, one can see that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \varepsilon ^{-1} F(\sqrt{\varepsilon } \varPsi _\varepsilon ) - C_{\varepsilon } \rightarrow \lambda \varPsi ^{\diamond 2}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPsi _\varepsilon $$\end{document}$. This is because all terms starting from the 4-th chaos vanish termwise as $\documentclass[12pt]{minimal}
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When *F* is even polynomial, this heuristic indeed gives a direct proof of the convergence of the term in ([1.3](#Equ3){ref-type=""}). However, when *F* is not polynomial, the actual proof of the convergence becomes much subtler. The main obstacle is that $\documentclass[12pt]{minimal}
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                \begin{document}$$F(\sqrt{\varepsilon } \varPsi _\varepsilon )$$\end{document}$ expands into an infinite chaos series. If we brutally control their high moments termwise as in the polynomial case, then in order for these termwise moment bounds to be summable, we need to impose very strong conditions on *F* (namely, its Fourier transform being compactly supported), which is clearly too restrictive.

Instead, in \[[@CR13]\], the authors expanded $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F(\sqrt{\varepsilon } \varPsi _\varepsilon )$$\end{document}$ in terms of Fourier transform, developed a procedure in obtaining pointwise correlation bounds on trigonometric functions of Gaussians, and deduced the desired convergence from those bounds.

Similar universality results are also present in the dynamical $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPhi ^4_3$$\end{document}$ equation for a large class of symmetric phase coexistence models with polynomial potential was established in \[[@CR13]\] for Gaussian noise and then extended in \[[@CR17]\] to non-Gaussian noise. The extension beyond polynomial potential (even with Gaussian noise) has the same difficulties as in the KPZ case discussed above. In the recent work \[[@CR2]\], the authors developed different methods based on Malliavin calculus to control similar objects. The methods developed in \[[@CR2], [@CR13]\] to treat general nonlinearities are both robust enough to cover both KPZ and $\documentclass[12pt]{minimal}
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In this article, we follow the ideas developed in \[[@CR13]\] and prove a uniform bound in a special case considered in there. This special case is technically simpler to explain, but is also illustrative enough to reveal the main idea of the proof for the more general case. Furthermore, we obtain a better bound in this special case, thus yielding convergence results for functions *F* with lower regularity.
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---------------
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### Theorem 1.1 {#FPar1}
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### Assumption 1.2 {#FPar2}
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### Example 1.5 {#FPar5}
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### Example 1.6 {#FPar6}
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### Example 1.7 {#FPar7}
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Remarks and Possible Generalizations {#Sec4}
------------------------------------

Theorem [1.1](#FPar1){ref-type="sec"} is a special case of \[[@CR13], Theorem 6.4\] in that it allows only one frequency variable $\documentclass[12pt]{minimal}
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The main technical difference that results in this improvement, as we shall see later in Sect. [2](#Sec5){ref-type="sec"}, is that in the clustering procedure, we are able to take the clustering distance *L* being independent of $\documentclass[12pt]{minimal}
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We shall note that the convergence results in this article are not sufficient to establish weak universality in general situations. These would require convergence of the products of the objects considered in Theorem [1.4](#FPar4){ref-type="sec"}, with possible subtraction of extra chaos components after taking product. The convergence of these products requires a more general bound than Theorem [1.1](#FPar1){ref-type="sec"} and \[[@CR13], Theorem 6.2\]. We leave them to future work.

Proof of Theorem [1.1](#FPar1){ref-type="sec"} {#Sec5}
==============================================

This section is devoted to the proof of Theorem [1.1](#FPar1){ref-type="sec"}. Assumptions [1.2](#FPar2){ref-type="sec"} and [1.3](#FPar3){ref-type="sec"} on $\documentclass[12pt]{minimal}
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Proof {#FPar9}
-----
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Clustering and the First Bound {#Sec6}
------------------------------
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Expansion {#Sec7}
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### Proof {#FPar11}
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Representative Point {#Sec8}
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From now on, we restrict ourselves to the situation when $\documentclass[12pt]{minimal}
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### Proof {#FPar15}
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Graphic Representation {#Sec9}
----------------------

It remains to control the term involving the expectation on the right-hand side of ([2.13](#Equ21){ref-type=""}). Since all $\documentclass[12pt]{minimal}
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The clustering depends on the choice of *L*, and hence so do the definitions of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega _{\mathbf {k},\varvec{\ell }}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega ^*$$\end{document}$. On the other hand, these are just intermediate steps and our final bound ([1.5](#Equ5){ref-type=""}) does not involve clustering at all. Furthermore, the choice of *L* later \[in ([2.18](#Equ26){ref-type=""})\] is also independent of the location of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {x}$$\end{document}$. Hence, we omit the dependence of the clustering on *L* here for notational simplicity.

Reduction {#Sec10}
---------
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### Proof {#FPar20}
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The following proposition is then a simple consequence.

### Proposition 2.9 {#FPar21}
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### Remark 2.10 {#FPar22}
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### Proof of Proposition 2.9 {#FPar23}

Note that graphs in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega _{\mathbf {k},\varvec{\ell }}$$\end{document}$ have degree $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\mathbf {k}|+|\varvec{\ell }| + m|\mathcal {S}|$$\end{document}$, so by Proposition [2.8](#FPar19){ref-type="sec"}, there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma ^* \in \varOmega ^*$$\end{document}$ such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \max _{\varGamma \in \varOmega _{\mathbf {k},\varvec{\ell }}} |\varGamma | \le (CL^{\frac{\alpha }{2}})^{\deg (\varGamma ^*)} \cdot (CL^{-\alpha })^{\frac{1}{2}(|\mathbf {k}|+|\varvec{\ell }|+m|\mathcal {S}|)} \cdot |\varGamma ^*| \end{aligned}$$\end{document}$$for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {k}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\ell }$$\end{document}$. Combining it with Proposition [2.4](#FPar14){ref-type="sec"} and ([2.14](#Equ22){ref-type=""}), we get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left| \mathbf {E}\prod _{j=1}^{K} \partial _{\theta }^{r} \mathcal {H}_{m}\left( \mathrm{e}^{i \theta X_j}\right) \right| \le C L^{\frac{\alpha }{2} \cdot \deg (\varGamma ^*)} \cdot \exp \left( -\frac{\theta ^2}{2 \varLambda } + \frac{C_0 \langle \theta \rangle ^{2}}{L^{\alpha }}\right) \cdot \max _{\varGamma ^* \in \varOmega ^*} |\varGamma ^*|\nonumber \\ \end{aligned}$$\end{document}$$for some constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0$$\end{document}$. One can choose *L* sufficiently large depending on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varLambda $$\end{document}$ only such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{1}{L^{\alpha }} < \frac{1}{4 C_0 \varLambda }. \end{aligned}$$\end{document}$$This guarantees that the exponential term is uniformly bounded in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta $$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0$$\end{document}$ depends on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varLambda $$\end{document}$, *K*, *m*, and *r* only, so does *L*. Finally, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^{\frac{\alpha }{2} \cdot \deg (\varGamma ^*)}$$\end{document}$ is also uniformly bounded since graphs in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega ^*$$\end{document}$ have degrees at most $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(m+1)K$$\end{document}$. This completes the proof. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Remark 2.11 {#FPar24}
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Enhancement and Conclusion of the Proof {#Sec11}
---------------------------------------
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Convergence of the Fields---Proof of Theorem [1.4](#FPar4){ref-type="sec"} {#Sec12}
==========================================================================
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Proposition 3.1 {#FPar25}
---------------
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The proof of the proposition is standard Kolmogorov's criterion, and so it remains to prove ([3.1](#Equ28){ref-type=""}). By stationarity, we can simply restrict to the case $\documentclass[12pt]{minimal}
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-----
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Now, combining ([3.8](#Equ35){ref-type=""}), ([3.9](#Equ36){ref-type=""}) and Lemma [3.3](#FPar28){ref-type="sec"}, and using Assumption [1.3](#FPar3){ref-type="sec"} on *F*, we get$$\documentclass[12pt]{minimal}
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A rigorous way of saying the correlation is *G* is that$$\documentclass[12pt]{minimal}
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